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Divergence exponents of the first-order quantum correction of a two-dimensional hard-sphere Bose
atoms are obtained by an effective field theory method. The first-order correction to the ground-
state energy density with respect to the zeroth-order is given by E1/E0 ∼ |D− 2|−α| ln γ|−α′ , where
D is the spatial dimension, and γ is the gas parameter (γ = naD). As D → 2, α = α′ = 1. We show
that the first-order quantum correction of the energy density is not perturbative in low dimensions
of D < 2.2 regardless of any gas parameter which is much less that 1.
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I. INTRODUCTION
Weakly interacting uniform Bose gas is a fundamental topic of many-body Bose systems and has been studied for
more than five decades. Bose-Einstein condensation(BEC) is known to be the only phase transition that does not
require interaction. However, in the real system an interaction exists even in very dilute Bose gases, and often the
diluteness is explained by a D-dimensional gas parameter: γ(D) = naD ≪ 1, where n is the D-dimensional density
and a is the s-wave scattering length. At zero temperature the chemical potential, energy density, number density,
and speed of sound are written as an expansion in powers of the gas parameter γ.
A fundamental approximation method of a weakly interacting Bose system was introduced by Bogoliubov in 1947
[1]. In three-dimensions(3D) the ground-state energy density is given by
E0 + E1 + · · · = E0 [1 + c1√γ + c2γ ln γ + · · · ] . (1)
Similarly, the number density in 3D is given by
n0 + n1 + · · · = n0
»
1 +
8
3
√
pi
√
γ + · · ·
–
. (2)
E0 = 2π~2an2/m is the zeroth-order or mean-field energy density. The first-order quantum correction c1 = 128/15
√
π
was first obtained by Lee and Yang in 1957 for a hard-sphere Bose gas [2]. Later, it has been shown by Brueckner
et al. [3, 4] that above results are generally true for any short-range potential with scattering length a. The second-
order quantum correction c2 = 8(4π − 3
√
3)/3
√
π that was originated from a three-body interaction was obtained
by Wu et al. in 1959 [5, 6, 7]. Recently, an effective field theory(EFT) method has been suggested to obtain the
coefficients(Braaten and Nieto [8]). This method was introduced by Georgi et al. in 1990s [9, 10, 11].
In two-dimensions(2D) an uniform Bose gas is governed by strong long-range fluctuations. The fluctuations inhibit
the formation of a true long-range order. Therefore, 2D uniform Bose gas does not undergo BEC transition at finite
temperatures [12]. However, this 2D system turns superfluid below a certain temperature while under confinement.
The ground-state energy density of hard-sphere bosons in 2D has been studied by Schick in 1971 [13].
E0 + E1 + · · · = E0 [1 +O(1/ ln γ)] , (3)
and number density is
n0 + n1 + · · · = n0
»
1 +
1
ln(1/γ)
+ · · ·
–
. (4)
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2E0 = 2π~2n2/(m| ln γ|) is the mean-field energy density. The first-order number density in 2D is finite as n1/n0 =
1/ ln(1/γ)≪ 1, but the first-order quantum correction of the ground-state energy density has not been obtained yet
because an infrared divergence of an integral prevents a direct calculation. It has the divergence form of∣∣∣∣E1E0
∣∣∣∣ ∼ 1|D − 2|α| ln γ|α′ , (5)
where the exponents α and α′ are positive constants.
In this paper, we will calculate the two exponents of divergence α and α′ analytically. The EFT has an advantage
that it works even in non-integer dimensions. Therefore, we can rewrite the EFT in non-integer dimensions between
two and three. Then, taking the limit of D = limǫ→o+ 2(1 + ǫ), we will obtain the two exponents of divergence α and
α′. Furthermore, since the first-order quantum correction of the ground-state energy density converges in D=3 but
diverges in D=2, we may find the dimensional border of the perturbative method which is effective between two and
three.
The paper is organized as follows: In Section II, we review the basic structure of EFT of a dilute Bose system in
non-integer dimensions between two and three [8, 14, 15]. In Section III, we reproduce the zeroth-order or mean-field
results in D-dimensions. In section VI, we obtain the first-order quantum correction in 2D and two exponents α and
α′. Also we interpolate the first-order quantum depletion between 2D and 3D. Finally, in section V we summarize
the results.
II. EFFECTIVE FIELD THEORY BY AN EFFECTIVE LAGRANGIAN
EFT is a general approach that can be used to analyze the low energy behavior of a physical system and takes
advantage of the separation of scales to make model-independent predictions [9, 10, 11]. The effective lagrangian that
describes the low energy physics is written in terms of only the long-wavelength degrees of freedom that includes every
non-renormalizable interactions, but to a certain order in a low energy expansion, only a finite number of operators
contribute to a physical quantity [14].
An uniform Bose gas can be described by field theoretic method with Hamiltonian H − µN , where µ is the
chemical potential and N is the number operator. The number of atoms are conserved by the phase transformation:
ψ(r, t)→ eiθψ(r, t). The free energy in ground-state of the system is
F(µ) = 〈H − µN〉µ, (6)
where 〈· · · 〉µ denotes the expectation value in the ground state. Therefore, 〈H〉µ = E(µ) and 〈N〉µ = n(µ) are the
energy and number in the ground state. The free energy F is given by all connected vacuum diagrams that are
Feynman diagrams with no external legs [8]. The number density n is given by the expectation value of (ψ†ψ) in the
ground-state (we set ~ = 1 for convenience)
n(µ) =
1
Z
∫
Dψ†Dψ(ψ†ψ) eiS[ψ†,ψ] (7)
where ψ† and ψ are complex field operators of bosons, S is the action from the Lagrangian [8], and Z is the grand-
canonical partition function given by
Z =
Z
Dψ†Dψ eiS[ψ†,ψ]. (8)
The grand-canonical ensemble of uniform Bose particles with a two-body interaction is governed by the action
S[ψ†, ψ] =
Z
dt
Z
dDx
»
ψ†
„
i
∂
∂t
+
∇
2
2m
+ µ
«
ψ − 1
2
g
“
ψ†ψ
”2–
, (9)
wherem is the atomic mass, and g is the D-dimensional coupling constant which contains pairwise interaction between
atoms. In D-dimensions g is given by [16]
g(D) =
4piD/2aD−2
m
1
22−DΓ(1− D
2
)γD/2−1 + Γ(D
2
− 1) , (10)
where Γ is the Gamma function. It satisfies the two limiting cases. In 3D, it has the well-know form
g(3) =
4pia
m
. (11)
3In 2D, it has the logarithmic form [17, 18]
g(2) =
4pi
m
1
ln(1/γ)
. (12)
When the temperature of a Bose system falls below the condensation temperature Tc, we can write the quantum
field ψ in terms of a time-independent condensate φ and a quantum fluctuation field ψ˜
ψ = φ+ ψ˜. (13)
The fluctuation field ψ˜ can be conveniently written in terms of two real fields ψ1 and ψ2
ψ˜ =
ψ1 + iψ2√
2
. (14)
In the uniform system φ is the condensate order parameter and a real constant. It corresponds to a breaking of the
global U(1) symmetry and takes into account the Bogoluibov shift of the field operator.
The conservation of particle numbers requires that ψ˜ has non-zero momentum component so that 〈ψ〉 = φ and
〈ψ˜〉 = 0. Therefore, the condensate order parameter φ defines the density of condensed particles while ψ˜ defines the
density of uncondensed particles. Then, the zeroth- and first-order quantum correction to the density are given by
n0 = φ
2, n1 = 〈ψ˜†ψ˜〉. (15)
Substituting Eqs. (13) and (14) into Eq. (9) of the action S, we decompose the real part of the action into three
parts [8, 14, 15]:
S[φ, ψ1, ψ2] = Sclas[φ] + Sfree[φ, ψ1, ψ2] + Sint[φ, ψ1, ψ2]. (16)
Sclas is the classical part of the action. It does not contain any filed operator:
Sclas[φ] =
Z
dt
Z
dDx
„
µφ2 − 1
2
gφ4
«
. (17)
Sfree is the free part of the action. It is quadratic in ψ1 and ψ2:
Sfree[φ, ψ1, ψ2] =
Z
dt
Z
dDx
»
1
2
(ψ˙1ψ2 − ψ1ψ˙2) + 1
2
ψ1
„
∇
2
2m
+X
«
ψ1 +
1
2
ψ2
„
∇
2
2m
+ Y
«
ψ2
–
, (18)
where ψ˙ ≡ ∂ψ/∂t, and the two new variable X and Y are
X = µ− 3gφ2, (19)
Y = µ− gφ2. (20)
The terms 3gφ2 and gφ2 in the X and Y are mean-field self-energies of the system.
Sint is the interaction part of the action. It is the remaining terms:
Sint[φ, ψ1, ψ2] =
Z
dt
Z
dDx
»√
2Jψ1 +
K√
2
ψ1(ψ
2
1 + ψ
2
2)− g8 (ψ
2
1 + ψ
2
2)
2
–
, (21)
where
J = φ(µ− gφ2) = φY, (22)
and
K = −gφ. (23)
The free part of the action in Eq. (18) gives rise to a propagator, which can be used in perturbative framework. If
we take the Fourier Transform in a momentum space, the fluctuating part is given by
ψ˜(t, r) =
1√
V
∞X
n=−∞
X
p
ψ˜(ωn,p) exp{−iωnt+ ip · r}, (24)
where V −1
∑
p
=
∫
dDp/(2π)D, and ωn = 2πnT is the Matsubara frequency. Therefore, the propagator of the free
action Sfree is written as
G(ω, p) =
1
ω2 − E2p + iEp
(
p2
2m − Y −iω
iω p
2
2m −X
)
,
(25)
4++ + +
…
FIG. 1: Loop diagram of the two-body interaction. The zeroth, first, and second loop from the left to right
with the dispersion relation
Ep =
s„
p2
2m
−X
«„
p2
2m
− Y
«
. (26)
This is a general form of the dispersion and includes every information of the energy spectrum in the two self-terms
X and Y . It is possible to diagonalize the propagator matrix in Eq. (25) by a field redefinition or renormalization,
which is equivalent to the Bogoliubov transformation in the operator method. However, such a redefinition makes
the interaction terms in the action more complicated and increases the number of diagrams. Therefore, we use the
propagator matrix with off-diagonal elements to minimize the number of diagrams.
III. THERMODYNAMIC POTENTIAL AND ZEROTH-ORDER RESULTS
It is convenient to introduce the thermodynamic potential Ω(µ, φ). The thermodynamic potential contains the
information required to determine all of the thermodynamic functions. The free energy F(µ) can be obtained by
evaluating Ω at a particular value of φ.
The sum of the vacuum graphs is independent of the arbitrary background condensate φ. Thus, the sum of connected
vacuum diagram reduces to the sum of one-particle irreducible vacuum diagrams [8, 14, 15]:
F(µ) = Ω(µ, φ(µ)) (27)
From Eq. (6) the ground-state energy density is written by
E(µ) = F(µ) + nµ. (28)
By differentiating the free energy, we obtain the density and chemical potential, too.
n(µ) = −dF
dµ
, µ(n) =
dE
dn
. (29)
The n-loop contribution to the Ω is denoted by Ωn in FIG. 1. It is given by all one-particle irreducible vacuum
diagrams and can be expanded in the number of loops:
Ω(µ, φ) = Ω0(µ, φ) + Ω1(µ, φ) + Ω2(µ, φ) + · · · . (30)
If Ω is evaluated at a value of the condensate, all one-particle reducible diagrams vanish. Then, the free energy density
in Eq. (27) is
F(µ) = Ω0(µ, φ) + Ω1(µ, φ) + Ω2(µ, φ) + · · · . (31)
Using Eqs. (13) and (14), the condition of the condensate reduces to 〈ψ1〉 = 〈ψ2〉 = 0. This condition is equivalent
to
∂Ω(µ, φ)
∂φ
=
∂Ω0(µ, φ)
∂φ
+
∂Ω1(µ, φ)
∂φ
+
∂Ω2(µ, φ)
∂φ
+ · · · = 0 (32)
The number density in Eq. (29) is obtained from the thermodynamic potential, too.
n(µ) = −∂Ω
∂µ
. (33)
The free energy can also be expanded in powers of quantum corrections around the mean-field value F0(µ):
F(µ) = F0(µ) +F1(µ) + F2(µ) + · · · . (34)
The loop expansion in Eq. (31) does not coincide with the above expansion of F(µ) in powers of quantum corrections
because of its independence of φ. To obtain the expansion of F in powers of quantum corrections, we must expand
the condensate φ around its classical minimum φ0, which satisfies
∂Ω0(µ, φ0)
∂ψ
= 0. (35)
5By expanding Eq. (32) in powers of φ− φ0, and solving for φ, we obtain the quantum expansion for the condensate:
φ = φ0 + φ1 + φ2 + · · · , (36)
where φn is the nth-order quantum correction. For instance, the first-order quantum correction for the condensate
φ1 is obtained from the expanding of Eq. (35) around φ0. The nonzero terms are
∂Ω0(µ, φ)
∂φ
=
∂2Ω0(µ, φ0)
∂φ2
(φ− φ0) + ∂Ω1(µ, φ0)
∂φ
+ · · · = 0. (37)
Then, φ1 in Eq. (36) is written as
φ1 = −
»
∂Ω1(µ, φ0)
∂φ
– »
∂2Ω0(µ, φ0)
∂φ2
–−1
. (38)
Therefore, keeping up to the terms of the second order and φ − φ0 ≈ φ1, the first three terms of the free energy
density is
F0(µ) = Ω0(µ, φ0), (39)
F1(µ) = Ω1(µ, φ0), (40)
F2(µ) = Ω2(µ, φ0) + ∂Ω1(µ, φ0)
∂φ
φ1 +
1
2
∂2Ω0(µ, φ0)
∂φ2
φ21. (41)
The mean-field thermodynamic potential is given by the terms in the classical action in Eq. (17) as
Ω0(µ, φ) = − 1
V
Sclas = −µφ2 + 1
2
gφ4. (42)
From Eq. (35) we obtain the classical minimum φ0 as
φ0 =
r
µ
g
(43)
Therefore, the mean-field free energy density in D-dimensions is obtained from Eq. (39)
F0(µ) = Ω0(µ, φ0) = −µ
2
2g
. (44)
The mean-field number density is obtained from Eq. (7) as
n(µ0) = −∂F(µ0)
∂µ
=
µ0
g
(45)
The mean-field ground-state energy density in D-dimensions is obtained from Eq. (28)
E (D)0 = −
µ20
2g
+ nµ0 =
1
2
g(D)n2. (46)
In 3D, since g(3) = 4πa/m from Eq. (11), the mean-field energy density is
E (3)0 =
2pian2
m
. (47)
In 2D, since g(2) = 4π/m ln(1/γ) from Eq. (12), the mean-field energy density is
E (2)0 =
2pian2
m ln(1/γ)
. (48)
Therefore, this method reproduced the well-known mean-field energy densities in Eqs. (1) and (3) successfully.
6IV. FIRST-ORDER QUANTUM CORRECTION
The first-order quantum correction of the ground-state energy is obtained in the following way. Substituting Eq.
(43) into Eqs. (19) and (20), we obtain the two variables X and Y at the minimum of φ0.
X = µ− 3gφ20 = −2µ, (49)
Y = µ− gφ20 = 0. (50)
The propagator and the dispersion relation in Eqs. (25) and (26) becomes
G(ω, p) =
1
ω2 − E2p + iEp
(
p2
2m −iω
iω p
2
2m + 2µ
)
,
(51)
and from Eq. (45)
Ep =
s
p2
2m
„
p2
2m
+ 2µ
«
. (52)
These are the original Bogoliubov results. Ep is gapless and is linear for small wave-vectors. For large wave-vectors,
the dispersion relation becomes Ep ≃ p2/2m+2µ ≃ p2/2m+2g(D)n. Therefore, the 2g(D)n represents the mean-field
energy in D-dimensions due to interaction with the condensed particles.
In the Bogoliubov approximation one makes a pair approximation to the Hamiltonian by neglecting terms with
three and four operators [1]. On the other hand, in the Beliaev approximation, one goes one step further by calculating
the leading quantum corrections to the quasi-particle spectrum [4]. This is done by including all one-loop diagrams.
The free energy can be written with the inverse of the propagator. From Eq. (8)
Z = exp

i
Z
dt
Z
dDxdetG−1(ω, p)
ff
. (53)
Therefore,
F = Tr lnG−1(ω, p). (54)
Note that ln detA = Tr lnA for any matrix A. The one-loop contribution to the thermodynamic potential in D-
dimensions, Ω1 = i lnZ, is obtained by the following way.
Ω1(µ, φ) = − i
2
∫
dω
2π
∫
dDp
(2π)D
ln detG(ω, p)−1
=
1
2
∫
dDp
(2π)D
Ep. (55)
From Eq. (40), we have the free energy component
F1(µ) = Ω1(µ, φ0) = 1
4m
I0,−1(κ), (56)
where κ = 4mµ = 4mgn and Ii,j are loop integral function in D-dimensions, which is defined as [8, 14]
I
(D)
i,j (κ) =
∫
dDp
(2π)D
p2i
pj(p2 + κ)j/2
, (57)
where i and j are integers. This Ii,J is expressed by Gamma function, too.
I
(D)
i,j =
1
(4pi)D/2
Γ
`
D+2i−j
2
´
Γ
`−D+2i−2j
2
´
Γ
`
D
2
´
Γ
`
j
2
´ κD+2i−2j2 . (58)
Note that in D=3, I
(3)
0,−1(κ) = κ
5/2/15π2, I
(3)
1,1 (κ) = κ
3/2/3π2, and I
(3)
−1,−1(κ) = −κ3/2/6π2. It has the useful relation
of the first derivative
d
dκ
I
(D)
i,j (κ) = −
j
2
I
(D)
i+1,j+1(κ). (59)
Ground-state energy density is expressed as
E0 + E1 + · · · = 1
2
gn2 +
1
4m
I
(D)
0,−1(κ) + · · · . (60)
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FIG. 2: The first-order quantum correction of the ground-state energy density in D-dimensions in the logarithmic scale. The
divergence in D=2 is clear. γ itself is a function of the dimensions.
Therefore, the contribution of the first-order quantum correction in D-dimensions is obtained as
E1
E0 = −
Γ
(−D+22 )Γ (D+12 )
π(D+1)/2Γ
(
D
2
) {mg(D)}D/2 nD/2−1
= − 2
Dπ(D
2−2D−2)/4Γ
(−D+22 )Γ (D+12 ) γD/2−1
Γ
(
D
2
) {
22−DΓ
(
1− D2
)
γD/2−1 + Γ
(
D
2 − 1
)}D/2 . (61)
Note that γ = (n0 + n1 + · · · )aD.
Substituting D=3, we obtain the well-known first-order quantum correction of the ground-state energy density in
3D as E1
E0 =
128
15
√
pi
√
γ. (62)
Taking the limit of D = limε→0+ 2(1 + ε), we obtain the first-order quantum correction of the ground-state energy
density in 2D as
E1
E0 ≃
γε
−γε + 1 ≃
1
ε ln(1/γ)
≫ 1. (63)
For the singularities of the Γ function at non-positive argument, we used the following expansions
Γ(−n+ ε) = (−1)
n
n
»
1
ε
+ h(n+ 1) +O(ε)
–
, (64)
where h(n+1) = 1+1/2+1/3+ · · ·+1/n−γE and γE = 0.5772... is the Euler constant. In particular, Γ(ε) = 1/ε−γE.
Also, we used the approximations: γε ≃ 1 + ε ln γ.
In 2D there is a divergence, and we can obtain the two exponents of the divergence in Eq. (5) as α = α′ = 1. We
plotted E1/E0 in FIG. 2 as the functions of the dimensions and gas parameter in the logarithmic scale. From the FIG.
2 it is clear that the expansion in Eq. (3) satisfy the perturbative condition of E1/E0 ≪ 1 only when D > 2.2. In low
dimensions of D < 2.2, the first-order ground-state energy density is not perturbative regardless of the magnitude of
the gas parameter.
The number density is obtained from Eqs. (13)-(15) as
n = φ2 +
1
2
〈ψ21 + ψ22〉. (65)
Therefore, taking the one-loop effects into account
n0 + n1 = n0 +
i
2
∫
dω
2π
dDp
(2π)D
[
p2/2m+ 2mE2p/p
2
ω2 − E2p + iEp
]
= n0 +
1
4
I1,1(4mgn) +
1
4
I−1,−1(4mgn)
= n0
[
1 +
Γ
(−D2 ) {2Γ (D+12 )− Γ (D−12 )}
23π(D+2)/2Γ
(
D
2
) (mg)D/2n(D−2)/20
]
. (66)
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FIG. 3: The first-order quantum correction of the number density at γ = 10−4 as a function the dimensions.
Then, the first-order quantum correction of the number density in D-dimensions is obtained as
n1
n0
=
π(D
2−2D−2)/4
23−D
Γ
(−D2 ) {2Γ (D+12 )− Γ (D−12 )}
Γ
(
D
2
) {
22−DΓ
(
1− D2
)
γD/2−1 + Γ
(
D
2 − 1
)}D/2 γD/2−1. (67)
In 3D we obtain the well-known first-order quantum depletion as
n1
n0
=
8
3
√
pi
√
γ. (68)
In 2D taking the limit of D = limε→0+ 2(1 + ε), we obtain the first-order quantum depletion as
n1
n0
≃ γ
ε
− 1εγε + 1ε
.
≃ 1
ln(1/γ)
. (69)
We used the approximations: Γ(−D2 ) ∼ 1/ε and 2Γ(D+12 )− Γ(D−12 ) ∼ 2
√
πε . This result is the same as the Schick’s
value in Eq. (4). We plotted n1/n0 as a function of dimensions and gas parameter in Fig. 3. It is increasing
monotonically as the dimension is decreasing from 3 to 2. The depletion is stronger in low dimensions.
V. SUMMARY
EFT is a theory of symmetries. Once the symmetries have been identified, one writes down the most general local
effective Lagrangian consistent with these symmetries. At zero temperature, the symmetries are Galilean invariance,
time-reversal symmetries, and the global phase symmetry. These symmetries restricts the possible terms in the
effective action.
The first-order quantum correction to the ground-state energy density of a 2D uniform Bose atoms has the form
of the divergence: E1/E0 ∼ |D − 2|−α| ln γ|−α′ . Applying an effective field theory method to the hard-sphere boson
system in D-dimensions, we obtained the D-dimensional free energy and thermodynamic potential up to the one-loop
result. This general form in D-dimensions reproduced every well-known result in 3D and 2D.
Then, taking the limit of D = limε→0+ 2(1 + ε), we obtained the zeroth- and first-order quantum correction in 2D.
Finally, we obtained the two exponents of divergence α and α′ analytically as α = α′ = 1. We also showed that the
perturbative expression of the ground-state energy density is effective only in low dimensions of D < 2.2.
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